We combine the Lie algebraic methods and the technicalities associated with the monomialty principle to obtain new results concerning Legendre polynomial expansions.
Introduction
In previous papers, Dattoli and Khan [1] and Dattoli, Srivastava and Khan [2] have shown how the combination of Lie algebraic techniques [3] and of the monomiality formalism [4] may lead to new and unsuspected relations concerning families of classical and generalized polynomials.
The Lie-Mon method has been exploited to deal with Laguerre and Hermite polynomials and has been extended to their multi-variable and multi-index counterparts.
In this paper, we will see how the same method can be exploited for Legendre type polynomials, and we will see that this approach opens new possibilities for dealing with their theoretical foundations.
We remind readers that, according to the principle of monomiality [4] , a family of polynomials p n (x) is said to be quasi-monomial whenever two operatorsM andP, hereafter called multiplication and derivation operators, can be introduced in such a way that
Furthermore, we also recall that the p n (x) family can be explicitly obtained from
The above operators satisfy the commutation relation
so that we can embed them to form the following G(0, 1) algebrâ
with the relevant commutation relations
The realization of G(0, 1) provided by Eqs. (3) is the algebra generating the polynomials p n (x) and we get from this treatment relations of the type [1, 5] 
where
n (x) are the associated Laguerre polynomials [6] . The explicit form of the generating function (5), or of analogous expressions, can be obtained once the explicit realization of the operatorsM andP is known. The systematic analysis has been developed for Hermite and Laguerre polynomials; here we will consider the Legendre case. To this aim, we recall that, according to Ref. [7] , there are two different realizations of theM operator for Legendre type familieŝ
x is the inverse of the derivative and for the associated formalism see e.g. Ref. [4] . According to the first of realizations (6) and Eq. (1b), we get the following family of two variable polynomials
which reduces to the ordinary Legendre polynomial [6] , as specified below for x = −(1 − y 2 )/4
By recalling that the 2-variable Hermite polynomials [4] can be written as
we also get the following operational definition
As to the second realization of Eq. (6), we get
which reduces to the ordinary Legendre polynomial according to the identity
In the next section, we will see how the realizations (6) can be exploited to get new forms of generating functions for the Legendre family using the Lie-Mon method, and we comment in the concluding section on the two variable nature of the polynomials R n (x, y) and S n (x, y).
Lie-Mon techniques and Legendre polynomial families' generating functions
The problem of giving a non formal meaning to Eq. (5) can be resolved after that we have specified the explicit realization of the multiplicative operatorM along with the relevant polynomial family.
The use of the second of Eq. (6) and of Eqs. (5) and (1b), allows us to write
The order in which the functions appearing on the r. h. s. of the above equation is written is unessential, because the relevant arguments commute.
It is evident, according to Eq. (10a), that
For further convenience, we will perform the relevant calculations, using the Eq. (11) r. h. s. order, by noting that it can be written in terms of known functions, after recalling that
with C n (x) being the 0th order Tricomi function, whose definition and link with the ordinary Bessel function is given below
We can expand the kth-power in Eq. (11) using the ordinary rules of the Newton binomial, since the operators therein commute with each other, we end up with
which yields the following new generating function for Legendre polynomials
By setting in the above relation x = cos ϕ, and by using identity (14), we find
This type of generating function can be framed within the context of mixed type families, according to the definition given in Ref. [8] .
We can get a further form by exploiting the first realization of the multiplication operator given in Eq. (6).
To simplify the procedure, we recall that it has been shown, regarding the Hermite polynomials, that ([2]; p. 84
the use of the identity (9) allows therefore to write
We will find an expression in terms of known function, by exploiting the already quoted technicalities of the inverse derivative operator.
Let us therefore proceed step by step, again noticing that, for the same reason as before, the order in which the operator functions on the r. h. s. of Eq. (19) are written is inessential. For reasons of convenience, we will exploit the order in Eq. (19), according to which the operator
acts on the function
The operatorΩ k can be written using the explicit form of 2-variable Hermite polynomials as follows (see Eq. (8)):
thus gettinĝ
The explicit action of the operator (20) on the function (21a) finally provides the desired generating function as
which can be written in a form involving ordinary Legendre polynomials using the identity (7b), thus getting
which upon setting y = cos ϑ yields
The above results show the flexibility of the method and the wealth of its implications. Also, we note that these results can be obtained by means of ordinary Lie algebraic methods, see e.g. Khan et al. [9] , but the technique developed in this paper looks more direct and flexible.
In the following concluding remarks, we will comment on the orthogonality of the polynomials (7a) and (10a) and show how this property can be exploited to derive the orthogonality of the ordinary Legendre polynomials.
Concluding remarks
In the previous sections, we have seen how Legendre polynomials can be derived from two different sets of isobaric 2-variable polynomials.
We can follow the point of view given in Ref. [10] and consider this family of polynomials from a geometrical point of view. With reference to Fig. 1 , we can consider them defined on a x, y plane. To give an example, the ordinary Hermite polynomials H e n (x) = H n (x, −1/2), are defined along the x axis for y = −1/2, (see Fig. 1(a) ).
The Legendre polynomials are a particular case of S n (y, x), defined over the entire plane, on the contour line x = −(1 − y 2 )/4, for −1 ≤ y ≤ 1, (see Fig. 1(b) ).
As for R n (x, y) polynomials, the Legendre polynomials are defined on the contour lines defined by ξ = (1 − x)/2, η = (1 + x)/2, for −1 ≤ x ≤ 1, (see Fig. 1(c) ).
In Ref. [7] , it has been shown that the functions
provide an orthogonal set, in the sense that 
Using the condition (10b), we find
Furthermore by evaluating the integral (24) along the contour lines specified in Fig. 1(c) , we get
which is the orthogonality property of ordinary Legendre polynomials. In the case of S n (y, x), it has been shown that the orthogonal set is provided by Ξ n (y, x) = A n S n (y, x)e 
The use of the identity (7b) yields Ξ n y, − 1 − y 2 4 = A n P n (y)e 
